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To investigate Hilbert modular forms is one of the important interest on number theory.
In fact, we know many properties about same weight Hilbert modular forms. But, about
mixed weight Hilbert modular forms, we know only a little result, except some general
theory.
In 2001, M.H. Lee [12] stated the explicit formula of the generalized Rankin-Cohen
operator on mixed weight Hilbert modular forms. And recently, S. Hayashida and N.P.
Skoruppa [13] investigated the structure theorem of Hilbert Jacobi forms, by using mixed
weight Hilbert modular forms. They constructed differential operators from the coefficients
of the Taylor expansion of Hilbert Jacobi forms to mixed weight Hilbert modular forms.
This is an extension of the correspondence between the coefficients of the Taylor expansion
of elliptic Jacobi forms to elliptic modular forms (cf. Eichler-Zagier [3]).
But the structure theorem of the space of mixed weight modular forms are unknown.
The purpose of this exposition is to determine the structure of the space of mixed weight
modular forms in some easy cases. To determine the structure, we estimate the dimensions
of mixed weight Hilbert modular forms by means of differential operators, according to the
exposition by Aoki [1].
1. Definitions and Notations
1.1. Hilbert modular forms
We denote the totally real quadratic field by K , its discriminant by dK , its integer ring
by O, and its fundamental unit by ε. For x = u + v√dK ∈ K , we write its conjugate
number by x ′ = u − v√dK ∈ K and its trace by tr(x) = x + x ′ = 2u ∈ Q. We put the
dual of O by
O∗ := {ν ∈ K | tr(µν) ∈ Z for any µ ∈ O} .
We denote the complex upper half plane by
H := {τ ∈ C | Im(τ ) > 0} .
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SL2(O) (εε′ = −1)
.
For k1, k2 ∈ Z, we say that a holomorphic function F on H2 is a Hilbert modular form of
weight (k1, k2) if
F(τ1, τ2) = (cτ1 + d)−k1(c′τ2 + d ′)−k2F
(
aτ1 + b
cτ1 + d ,
a′τ2 + b′






) ∈ Γ . Because − ( 1 00 1 ) ∈ Γ , there is no nontrivial Hilbert modular form of
weight (k1, k2) if k1 + k2 is odd. Hence we may assume that k1 + k2 is even. Without loss
of the generality, we may assume k1 ≥ k2. Put
k := k1 + k2
2
∈ Z , l := k1 − k2
2
∈ N0 := {0, 1, 2, . . . } .
We denote the C-vector space of all Hilbert modular forms of weight (k1, k2) satisfying the
above condition by Ak,l . From Koecher principle, F ∈ Ak,l has a Fourier expansion




c(ν)e(ντ1 + ν′τ2) ,





Our purpose is to determine the structure of A∗,l as a graded A∗,0-module.
1.2. Elliptic modular forms
In this section, we quote some notations from [1]. For k ∈ Z, we say that a holomor-
phic function f on H is an elliptic modular form of weight k if














We denote the C-vector space of all elliptic modular forms of weight k by Mk . Put
Mk(n) := {f ∈ Mk|af (r) = 0 if r < n} .
It is well-known that there are two algebraically independent elliptic modular forms
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and
e6(τ ) =1 − 504
∞∑
n=1
σ5(n)e(nτ) ∈ M6 .
The graded ring of all elliptic modular forms are generated by e4 and e6:⊕
k∈Z
Mk = C[e4, e6] .




(1 − x4)(1 − x6) .




3 − e6(τ )2) = e(τ )
∞∏
n=1
{1 − e(nτ)}24 ∈ M12(1)
has no zero on H, we have Mk(n) = ∆nMk−12n. Hence we have
dim Mk(n) = dim Mk−12n .
2. Estimation
2.1. Directional differential operators
For a non-negative integer n, we define an operator Dn, which maps from a holomor-














(τ, τ ) .
Put
Ak,l(n) := {F ∈ Ak,l | Dr(F ) = 0 if r < n} .
LEMMA 1. For n ∈ N0, if F ∈ Ak,l(n), then DnF ∈ M2k+2n. Hence there exists an
exact sequence
0 −−−−→ Ak,l(n + 1) −−−−→ Ak,l(n) Dn−−−−→ M2k+2n .













(τ, τ ) = d
s
dτ s
(Dr−sF ) = 0 .












) ∈ SL2(Z), deriving
F(τ1, τ2) = (cτ1 + d)−k1 (cτ2 + d)−k2 F
(
aτ1 + b






n-times, we have DnF ∈ M2k+2n. 
2.2. Fourier coefficients of Hilbert modular forms
Now we investigate these exact sequences more precisely. Assume F ∈ Ak,l . Let c(ν)
be the Fourier coefficients of F defined by




c(ν)e(ντ1 + ν′τ2) .
Then easily we have




(ν − ν′)rc(ν)e(tr(ν)τ ) .
From the transformation formula of F ∈ Ak,l , we have
c(εν) = εlc(ν) (εε′ = 1)
c(ε2ν) = (−1)k+lε2lc(ν) (εε′ = −1) .
From now on, we assume l 	= 0.
2.2.1. The case of discriminant 12
First, we consider the case dK = 12. Namely, we set











∣∣∣∣ u, v ∈ Z
}
.
We remark that εε′ = 1. For the sake of simplicity, we put












Λ := {(u, v) ∈ Z2 | |v|  √3u} .


































LEMMA 2. For n ∈ N0, if F ∈ Ak,l(2n), then c(u, v) = 0 for any u ≤ n. Hence
there exist two exact sequences
0 −−−−→ Ak,l(2n + 1) −−−−→ Ak,l(2n) D2n−−−−→ M2k+4n(n + 1)
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and
0 −−−−→ Ak,l(2n + 2) −−−−→ Ak,l(2n + 1) D2n+1−−−−→ M2k+4n+2(n + 1) .
Proof. We show this lemma by induction on n. If n = 0, c(0) = 0 because c(0) =
εlc(0) and l 	= 0. Now let F ∈ Ak,l(2n). By the assumption of the induction, c(u, v) = 0
for any u < n. If v > n, then












= εlc(2n − v,−3n + 2v) = 0
because 2n − v < n. If v < −n, then












= ε−lc(2n + v, 3n + 2v) = 0
because 2n + v < n. Hence F ∈ Ak,l(2n) means
n∑
v=−n
vrc(n, v) = 0 (r = 0, 1, . . . , 2n − 1) .
Easily we have c(n, n) = εlc(n,−n), hence

1 0 . . . 0 −εl
1 1 . . . 1 1






n2n−2 (n − 1)2n−2 . . . (−n + 1)2n−2 (−n)2n−2






c(n, n − 1)


















By the Vandermonde formula, we have c(n, v) = 0. 
PROPOSITION 3. The dimension of the Ak,l is not greater than the coefficient of xk
on the formal power series development of
x5 + x6
(1 − x2)(1 − x3)(1 − x4) .
Proof. From the previous lemma, the dimension of Ak,l is not greater than
∞∑
n=0
dim M2k+4n(n + 1) +
∞∑
n=0












(1 − x2)(1 − x3) =
x5 + x6
(1 − x2)(1 − x3)(1 − x4) .

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2.2.2. The case of discriminant 5
Second, we consider the case dK = 5. Namely, we set



















∣∣∣∣ u, v ∈ Z, u + v ∈ 2Z
}
.
We remark that εε′ = −1. For the sake of simplicity, we put












Λ := {(u, v) ∈ Z2 | |v|  √5u, u + v ∈ 2Z} .


































LEMMA 4. For n ∈ N0, if F ∈ Ak,l(n), then c(u, v) = 0 for any u ≤ n. Hence
there exists an exact sequence
0 −−−−→ Ak,l(n + 1) −−−−→ Ak,l(n) Dn−−−−→ M2k+2n(n + 1)
Proof. We show this lemma by induction on n. If n = 0, c(0) = 0 because c(0) =
(−1)k+lε2lc(0) and l 	= 0. Now let F ∈ Ak,l(n). By the assumption of the induction,
c(u, v) = 0 for any u < n. If v > n, then

























because 32n − 12v < n. If v < −n, then
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because 32n + 12v < n. Hence F ∈ Ak,l(n) means
n∑
v=0
vr c(n,−n + 2r) = 0 (r = 0, 1, . . . , n − 1) .
Easily we have c(n, n) = (−1)k+lε2lc(n,−n), hence

−1 0 . . . 0 (−1)k+lε2l
1 1 . . . 1 1






nn−2 (n − 2)n−2 . . . (−n + 2)n−2 (−n)n−2






c(n, n − 2)


















By the Vandermonde formula, we have c(n, v) = 0. 
PROPOSITION 5. The dimension of the Ak,l is not greater than the coefficient of xk
on the formal power series development of
x6
(1 − x2)(1 − x3)(1 − x5) .
Proof. From the previous lemma, the dimension of Ak,l is not greater than
∞∑
n=0








(1 − x2)(1 − x3) =
x6
(1 − x2)(1 − x3)(1 − x5) .

3. Construction
M.H. Lee [12] gave the way to construct mixed weight Hilbert modular forms by using
generalized Rankin-Cohen operator. Especially, for Fj ∈ Akj ,0, we have












[F1, F2]2 := −1
4π2
(
k1(k1 + 1)F1 ∂
2F2
∂τ 21










We remark that there is a so-called "Jacobi identity":
k1F1[F2, F3]1 + k2F2[F3, F1]1 + k3F3[F1, F2]1 = 0 .
3.1. The case of discriminant 12
Gundlach [6] determined the ring structure of A∗,0. There are three algebraically
independent generators
G2 ∈ A2,0 (D0(G2) = e4) ,
G3 ∈ A3,0 (D0(G3) = e6) ,
G4 ∈ A4,0 (D0(G4) = 0 , D1(G4) = 0 , D2(G4) = ∆)
and one algebraically dependent generators
G11 ∈ A11,0 (D0(G11) = 0, D1(G11) = ∆2) .
We remark that G2,G3,G4 are symmetric (i.e. F(τ1, τ2) = F(τ2, τ1)) and that G11 are
skew-symmetric (i.e. F(τ1, τ2) = −F(τ2, τ1)). Let
R := C[G2,G3,G4] .
Gundlach showed
A∗,0 = R ⊕ RG11 .
Define
G6,1 :=[G2,G3]1 ∈ A6,1 (D0(G6,1) = −864∆),
G7,1 :=[G2,G4]1 ∈ A7,1 (D0(G7,1) = 0, D1(G7,1) = ∆e4)
and
G8,1 :=[G3,G4]1 ∈ A8,1 (D0(G8,1) = 0, D1(G8,1) = 32∆e6) .
LEMMA 6. We have three equations:
(1) dimC A4n+7,1(2n + 1) = 1. A4n+7,1(2n + 1) = CGn4G7,1.
(2) dimC A4n+8,1(2n + 1) = 1. A4n+8,1(2n + 1) = CGn4G8,1.
(3) A4n+5,1(2n + 1) = {0}.
Proof. From Lemma 2, easily we have (1) (2) and dimC A4n+5,1(2n + 1) ≤ 1.
Assume that there exist F ∈ A4n+5,1(2n + 1) such that D2n+1(F ) = ∆n+1. Because
D2n+1(Gn4G7,1) = ∆n+1e4 and D2n+1(Gn4G8,1) = 32∆n+1e6, we have G2F = Gn4G7,1
and 32G3F = Gn4G8,1. Hence we have
0 = 3G3Gn4G7,1 − 2G2Gn4G8,1 = 4Gn+14 G6,1 .
This is a contradiction. 
THEOREM 7. A∗,1 is generated by G6,1, G7,1 and G8,1 as an R-module. The Jacobi
identity is a unique relation between these generators. Namely,
A∗,1 = C[G2,G3]G6,1 ⊕ RG7,1 ⊕ RG8,1 .
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Proof. From Lemma 2 and Lemma 6 (3), the dimension of the Ak,1 is not greater
than the coefficient of xk on the formal power series development of
x5 + x6




6 + x7 + x8 − x10
(1 − x2)(1 − x3)(1 − x4) .

3.2. The case of discriminant 5
Gundlach [5] determined the ring structure of A∗,0. There are three algebraically
independent generators
G2 ∈ A2,0 (D0(G2) = e4) ,
G5 ∈ A5,0 (D0(G5) = 0, D1(G5) = ∆) ,
G6 ∈ A6,0 (D0(G6) = ∆)
and one algebraically dependent generators
G15 ∈ A15,0 (D0(G15) = ∆2e6) .
We remark that G2,G6,G15 are symmetric and that G5 is skew-symmetric. Let
R := C[G2,G5,G6] .
Gundlach showed
A∗,0 = R ⊕ RG15 .
Define
G8,1 :=[G2,G5]1 ∈ A8,1 (D0(G8,1) = ∆e4) ,
G9,1 :=[G2,G6]1 ∈ A9,1 (D0(G9,1) = ∆e6) ,
G12,1 :=[G5,G6]1 ∈ A12,1 (D0(G12,1) = −3∆2) ,
G6,2 :=[G2,G2]2 ∈ A6,2 (D0(G6,2) = 864∆)
and
G9,2 :=[G2,G5]2 ∈ A9,2 (D0(G9,2) = 3∆e6) .
Now we have proved the following theorem:
THEOREM 8. A∗,2 is a free R-module generated by G6,2 and G9,2. Namely,
A∗,2 = RG6,2 ⊕ RG9,2 .
LEMMA 9. We have three equations:
(1) dimC A5n+12,1(n) = 2. A5n+12,1(n) = CGn5G22G8,1 ⊕ CGn5G12,1.
(2) dimC A5n+8,1(n) = 1. A5n+8,1(n) = CGn5G8,1.
(3) A5n+6,1(n) = {0}.
10 H. AOKI
Proof. From Lemma 4, easily we have (1) (2) and dimC A5n+6,1(n) ≤ 1.





2G8,1)=∆n+1e34,Dn(Gn5G12,1)=−3∆n+2 and Dn(Gn5G8,1)=∆n+1e4, we have
G2F = Gn5G8,1 and −3G6F = Gn5G12,1. Hence we have
0 = 6G6Gn5G8,1 + 2G2Gn5G12,1 = 5Gn+15 G9,1 .
This is a contradiction. 
THEOREM 10. A∗,1 is generated by G8,1, G9,1 and G12,1 as an R-module. The
Jacobi identity is a unique relation between these generators. Namely,
A∗,1 = C[G2,G5]G8,1 ⊕ RG9,1 ⊕ RG12,1 .
Proof. From Lemma 4 and Lemma 9 (3), the dimension of the Ak,1 is not greater
than the coefficient of xk on the formal power series development of
x6




8 + x9 − x11
(1 − x2)(1 − x3)(1 − x5)
= x
8 + x9 + x12 − x14
(1 − x2)(1 − x5)(1 − x6) .

4. Remark
Our estimation is quite rough. Generally, this estimation is not good for large l and
dK . In fact, this article and the exposition [1] show the following results.
(1) If dK = 5, this estimation is sharp if l = 0, 2. When l = 1, this estimation is
‘quite’ sharp: we know the true dimension from this estimation easily.
(2) If dK = 12, this estimation is sharp only if l = 0. When l = 1, this estimation is
‘quite’ sharp.
(3) If dK = 8 this estimation is sharp only if l = 0. Even if l = 1, this estimation is
not sharp.
In other cases, to determine the true dimension from this estimation, the author thinks that
we need more ideas.
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